We study the holographic dual string configuration of 1/2 BPS circular Wilson loops in N = 4 super Yang-Mills theory by using the global coordinate of AdS. The dual string worldsheet is given by the Poincaré disk AdS 2 sitting at a constant global time slice of
Introduction
In the AdS/CFT correspondence between N = 4 super Yang-Mills (SYM) and the type IIB string theory on AdS 5 × S 5 , supersymmetric Wilson loops are interesting objects to study. On the bulk gravity side, the expectation value of such Wilson loops is obtained by computing the minimal area of string worldsheet ending on the loop at the boundary of AdS [1, 2] . The string worldsheet which is holographically dual to a supersymmetric
Wilson loop is generally characterized as a pseudo-holomorphic curve on AdS 5 × S 5 [3, 4] .
However, it would be nice to have a more intuitive picture of dual worldsheet.
In the case of a 1/2 BPS circular Wilson loop, the dual worldsheet was obtained in the Pincaré coordinate of AdS 5 [5] . In this paper, we consider the worldsheet dual of 1/2 BPS circular Wilson loops using the global coordinate of AdS 5 . This global AdS description of
Wilson loop is closely related to the radial quantization of N = 4 SYM, since the N = 4 SYM defined on R × S 3 is dual to type IIB string theory on global AdS 5 . We find that the dual worldsheet of 1/2 BPS circular Wilson loop is the Poincaré disk sitting at a fixed global time of AdS 5 . Using this picture, we revisit the holographic computation of the correlator of two concentric 1/2 BPS circular Wilson loops studied in [6] . As discussed in [6] , when the ratio of radii of the two circles exceeds a certain critical value, the worldsheet of annulus topology in the bulk AdS ceases to exist, and this leads to an analogue of Gross-Ooguri phase transition [7] . We analyze the annulus worldsheet connecting the two loops using the global coordinate of AdS 5 .
This paper is organized as follows. In section 2, we first consider the radial quantization picture of 1/2 BPS circular Wilson loops in the SYM side. Next we study the dual worldsheet ending on the circular loop using the global coordinate of AdS 5 . In section 3, we study the correlator of two concentric circular Wilson loops from the global AdS perspective and consider the Gross-Ooguri type transition of this correlator. In section 4, we discuss some interesting future directions.
1/2 BPS Wilson Loops from Global AdS Perspective

Circular Wilson Loops in Radial Quantization
In this paper we consider Wilson loops in N = 4 SYM on Euclidean signature space.
It is well-known that the 1/2 BPS Wilson loop in N = 4 SYM is given by [1] 
where C is a circle or a straight line on R 4 in order to preserve 1/2 of supersymmetry. θ I in (2.1) is a constant unit 6-vector which specifies a point on S 5 . Let us consider a circular
Wilson loop C with radius a
Here x µ (µ = 1, .., 4) denote the coordinate of Euclidean R 4 .
In the radial quantization with respect to the origin of R 4 , we introduce the radial time τ as the log of radial coordinate r = x 2 µ . Then the coordinate x µ of R 4 is written as
where n µ is a unit 4-vector n 2 µ = 1 parametrizing S 3 . By the change of variable r = e τ , the metric of R 4 becomes conformally equivalent to the metric of R × S
where dΩ 2 3 is the metric of unit 3-sphere. In this radial quantization picture, the circular loop C in (2.2) becomes a great circle of S 3 = {n 2 µ = 1}, and C is sitting at the constant radial time τ τ = log a, n For instance, the OPE of a Wilson loop W (C) and a local operator O ∆ is written as
Similarly, the correlator of n concentric 1/2 BPS circular Wilson loops is written as 8) where T denotes the time ordering with respect to the radial time τ (or the radial ordering in the original R 4 picture) and τ i (i = 1, .., n) is related to the radius a i of loop C i by τ i = log a i .
Holographic Dual of Circular Wilson Loops
The gravity dual of Wilson loop in N = 4 SYM is given by the string worldsheet in which minimizes the Nambu-Goto action. In the Poincaré coordinate of (Euclidean) AdS 5
the dual string worldsheet of circular Wilson loop C (2.2) is given by [5] Σ :
One can easily see that this surface Σ ends on the loop C (2.2) at the boundary z = 0 of 
where Y a (a = 0, ..., 5) denotes the coordinate of R 1,5 with metric η ab = (− + + + ++).
Above, we have set the AdS radius R AdS = 1 for simplicity. In terms of the Poincaré
On the other hand, Y a is written in the global coordinate as
where n µ is a unit 4-vector n 2 µ = 1 parametrizing S 3 . From (2.13) and (2.14), the Poincaré coordinate (x, x µ ) and the global coordinate (τ, ρ, n µ ) are related as
One can check that the metric of AdS 5 in Poincaré coordinate (2.9) becomes the metric in the global coordinate (2.11) under this change of variables (2.15).
In the global coordinate, the boundary of AdS 5 is located at ρ = ∞. At the boundary
By comparing (2.3) and (2.16), we find that the radial time τ of R × S 3 is identified with the global time τ of AdS 5 at the boundary ρ = ∞. This is consistent with the fact that the N = 4 SYM defined on R × S 3 is dual to the type IIB string theory on global AdS 5 . Now let us rewrite the minimal surface Σ (2.10) using the global coordinate. It turns out that the equation of Σ in the global coordinate is simply given by the same equation
as the circular loop C in the radial quantization picture (2.5)
For this configuration of worldsheet Σ, the unit 4-vector n µ in (2.14) can be taken as (n 1 , n 2 , n 3 , n 4 ) = (cos φ, sin φ, 0, 0 
Nambu-Goto Action in Global Coordinate
In this subsection we consider the equation of motion of Nambu-Goto string using the global coordinate. The Nambu-Goto action in AdS 5 is given by
where G is the worldsheet metric induced from the global AdS 5 (2.11). Here we used the fact that the string tension in the unit of AdS radius is related to the 't Hooft coupling
In order to analyze the configuration of string worldsheet in the global coordinate of AdS 5 (2.11), we make an ansatz and the Nambu-Goto action (2.21) becomes
The equation of motion following from this action is
Clearly, dτ dρ = 0 is a solution of this equation and the induced metric (2.24) for the dτ dρ = 0 case is
This is nothing but the metric of AdS 2 . This analysis gives a direct check that the Poincaré disk sitting at τ = log a is a minimal surface.
The on-shell action of the minimal surface has a divergence coming from the large ρ region, and we need to regularize it by introducing the IR cut-off ρ 0 in the ρ-integral (2.25)
The first term √ λ cosh ρ 0 in (2.28) diverges in the limit ρ 0 → ∞, and this can be removed by adding a boundary term to the action 1 [1, 9] . After removing this term, we get the regularized action SYM side using the localization of path integral to a Gaussian matrix model [10, 11, 12] .
Two Concentric Circular Wilson Loops
In this section, we study the correlator of two concentric circular Wilson loops from the holographic dual viewpoint. This problem is studied in [6] 2 and it is found that as we vary the ratio a 2 a 1 of the radii a 1 , a 2 of two circles there is a phase transition similar to that found by Gross and Ooguri [7] . We revisit this problem using the global coordinate of AdS 5 . As we will see below, the use of global coordinate enables us to visualize the dual worldsheet very clearly.
In the radial quantization picture, the correlator W (C 1 )W (C 2 ) of two circular Wilson loops is written as the two operator insertions at τ i = log a i (i = 1, 2)
Here we have assumed τ 2 > τ 1 without loss of generality. The two Wilson loops are separated in the τ -direction by the amount τ 0
This correlator has a connected part and a disconnected part In the large 't Hooft coupling regime, the correlator W (C 1 )W (C 2 ) has a holographic dual description as a string worldsheet having the two circles C 1 and C 2 as boundaries.
In the global AdS 5 picture, the disconnected part corresponds to the two Poincaré disks sitting at τ = τ 1 and τ = τ 2 , and the connected part corresponds to the annulus worldsheet connecting C 1 and C 2 (see Fig. 2 ). Then the two-loop correlator (3.3) in the large λ regime is approximately given by the regularized Nambu-Goto action
In the following we study the annulus worldsheet connecting the two circles using the global Also, we require that τ (ρ) is vertical at the turning point ρ = ρ min (see Fig. 2(A) )
From this condition the constant on the right hand side of (3.5) is fixed as
From this equation we get
The plus sign of (3.9) represents the right half of annulus 0 ≤ τ ≤ 1 2 τ 0 , and the minus sign corresponds to the left half − 1 2 τ 0 ≤ τ ≤ 0 (see Fig. 2(A) ). On the right half of annulus, the equation (3.9) is solved as
The boundary condition (3.6) leads to the relation between τ 0 and ρ min
By performing the change of variable t = sinh ρ min sinh ρ , the function f (ρ min ) in (3.11) is written as
where K(k) and Π(n, k) denote the elliptic integrals of the first and third kind, respectively
The function f (ρ min ) vanishes in the limit ρ min → 0, ∞ as 14) and f (ρ min ) has a single maximum at some finite ρ min = ρ c (see Fig. 3 ). As discussed in [6] , the existence of a maximal value τ c = f (ρ c ) of the function f (ρ min ) means that the annulus worldsheet ceases to exist when the separation τ 0 between the two loops is larger than τ c , and the annulus configuration exists only when 0 ≤ τ 0 ≤ τ c . This is analogous to the phase transition discussed by Gross and Ooguri [7] . Next we consider the on-shell action for this annulus configuration. Plugging dτ dρ in (3.9) into the action (2.25), we find
The factor of 2 in the first line of (3.15) comes from the fact that there are two branches (± in (3.9)) for τ (ρ). To evaluate this integral, we separate it into two parts
For S (1) , we further separate it into a divergent part S
div and a finite part S
(1) fin
Here we have introduced the IR cut-off ρ 0 in S
div as before. Note that S
fin is negative. S (2) in (3.16) is proportional to the function f (ρ min ) in (3.11)
After removing the divergent piece 2 √ λ cosh ρ 0 in S
div , the regularized action for the annulus worldsheet is found to be
fin . (3.19) 4 The first and the second terms of S reg (annulus) in (3.19) have a simple interpretation: The first term is the regularized area of two disks at τ = ± This is written as a function in ρ min , but we would like to study the behavior of this action as a function of τ 0 in the region 0 < τ 0 < τ c where the annulus worldsheet exists. When rewriting this action as a function of τ 0 , we should be careful about the fact that there are two solutions ρ (1) min , ρ (2) min for the equation τ 0 = f (ρ min ) since the function f (ρ min ) takes a maximum value τ c at ρ min = ρ c . We assume that ρ (1) min < ρ c < ρ (2) min . The existence of two solutions for τ 0 = f (ρ min ) implies that given a separation of two loops τ 0 there are two annulus configurations corresponding to ρ (1, 2) min . We are interested in the difference ∆S between the annulus action (3.19) and the
fin . (3.20)
As analyzed numerically in [6] , the annulus action for the second branch ρ
min > ρ c is smaller than that of the first branch ρ (1) min < ρ c . Therefore, the second branch ρ min > ρ c gives the dominant contribution to the connected part of correlator W (C 1 )W (C 2 ) conn .
In particular, ∆S in (3.20) becomes arbitrarily negative as ρ min → ∞, which corresponds to the coincident limit of two loops τ 0 → 0. This can be seen as follows. From (3.14), the large ρ min limit of ∆S in (3.20) is written as
Since the coefficient of e ρ min is negative and also S
fin < 0, ∆S → −∞ as ρ min → ∞. As we increase τ 0 from 0, ∆S becomes positive at certain value τ ′ c , which occurs before the disappearance of annulus solution, i.e. τ ′ c < τ c . At τ 0 = τ ′ c the annulus configuration becomes unstable and collapses to two disks [7] .
Next we consider the ρ min < ρ c region. The annulus action for this branch is always larger than that of two disks [6] . We can easily see that the annulus action (3.19) reduces to the action of two disks in the limit ρ min → 0
Let us see that ∆S > 0 for small ρ min ≪ 1. Using (3.14) and S
fin ∼ √ λρ 2 min log ρ min we find ∆S ∼ − √ λρ
Discussion
In this paper we have considered the minimal surface in the global AdS 5 which is dual to 1/2 BPS circular Wilson loops. The dual worldsheet is given by the Pincaré disk at a fixed global time. We also revisited the computation of the correlator of two concentric
Wilson loops using the global coordinate of AdS 5 . The annulus worldsheet connecting the two loops exists only when the separation τ 0 between the two loops is less than some critical value τ c , and it ceases to exist when τ 0 > τ c . As argued in [6] , this phase transition is different from the point where the annulus and two disks change dominance. It would be nice to understand the physical picture of this transition more clearly.
It would be interesting to study the radial quantization picture of less supersymmetric 
where ℓ(C 1 , C 2 ) is the linking number of two loops inside S 3 . Recently, the correlator of a 't Hooft loop T (C 1 ) and a Wilson loop W (C 2 ) in N = 4 SYM is computed by using the localization of path integral to the two-dimensional Yang-Mills theory on S 2 [17] . This localization technique works when C 1 and C 2 are linked on S 3 . It would be interesting to understand the algebra (4.1) both from the gauge theory side and from the gravity side 5 . On the gravity side, the algebra (4.1) corresponds to exchanging the D1-brane at τ = τ 1 and the fundamental string at τ = τ 2 . It would be nice to see how the phase in 
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